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Abstract
The connectivity index w(G) of a graph G is the sum of the weights (d(u)d(v)) of all edges uv
of G, where  is a real number ( = 0), and d(u) denotes the degree of the vertex u. Let T be a tree
with n vertices and k pendant vertices. In this paper, we give sharp lower and upper bounds for w1(T ).
Also, for −1< 0, we give a sharp lower bound and a upper bound for w(T ).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Mathematical descriptors of molecular structure, such as various topological indices,
have been widely used in structure-property-activity studies (see [13,14,21]). Among the
numerous topological indices considered in chemical graph theory, only a few have been
found noteworthy in practical application (see [18]). One of these is the connectivity index
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or Randic´ index. The connectivity index of an organic molecule whose molecular graph is
G is deﬁned (see [8,19]) as
w(G) =
∑
u,v
(d(u)d(v)),
where d(u) denotes the degree of the vertex u of the molecular graph G, the summation goes
over all pairs of adjacent vertices of G and  is a pertinently chosen exponent. Randic´ intro-
duced the respective structure-descriptor in [19] for =− 12 (which he called the branching
index, and now also called the Randic´ index) in his study of alkanes: he showed that if
alkanes are ordered so that their w−1/2-value decrease then the extent of their branching
should increase. (More details on the concept of branching and on ordering of alkanes with
respect to other topological indices can be found in a recent study by Balaban et al. in [1].)
However, other choice of were also considered, in particular =+1 (see [2,10,11]), =−1
(see [5,8,12,19]), and the exponent  was treated (see [6,7,9,20]) an adjustable parameter,
chosen so as to optimize the correlation between w and some selected class of organic
compounds. In particular, when ordering isometric alkanes with regard to their connectivity
indices one needs to take into account that there exist pairs of isomers whose w-values
coincide for all  (see [12]). We are interested in the connectivity index for −11,
 = 0, and extensions, for trees. First we introduce some graph notations used in this paper
and provide a survey of some known results.
We only consider trees here. For a vertex x of a tree T, we denote the neighborhood and
the degree of x by N(x) and d(x), respectively. The maximum degree of T is denoted by
(T ). We will use T − x or T − xy to denote the graph that arises from T by deleting the
vertex x ∈ V (T ) or the edge xy ∈ E(T ). Similarly, T + xy is a graph that arises from T
by adding an edge xy /∈E(T ), where x, y ∈ V (T ).
Let T be a tree. A pendant vertex of T is a vertex of degree 1. Let Ps = v0v1 · · · vs be a
path of T with d(v1) = · · · = d(vs−1) = 2 (unless s = 1). If d(v0) = 1 and d(vs)3, then
we call Ps a pendant chain of T and we also call that s the length of the pendant chain
Ps ; if d(v0), d(vs)3, then Ps is called an internal chain of T. If there is a unique vertex
u ∈ V (T ) such that d(u)=m3 and for any other vertex v, d(v)2, thenT is a generalized
star.
Let T be a tree of order n. In [22], Yu gave a sharp upper bound of
w−1/2(T )
n + 2√2 − 3
2
,
and in [5], Clark and Moon gave bounds of
1w−1(T )
5n + 8
18
.
In [2], Bollobás and Erdös showed the following result.
Theorem 1 (Bollobás and Erdös [2]). Let G = (V ,E) be a graph of size m. Then
w(G)m
(√
8m + 1 − 1
2
)2
(1)
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for −1< 0, and
w(G)m
(√
8m + 1 − 1
2
)2
(2)
for 0< 1. Furthermore, in (1) or (2) equality holds for a particular value of  if and
only if G consists of a complete graph and isolated vertices, in which case we have equality
in (1) and (2) for every ,−11,  = 0.
In [17,15], the sharp upper and lower bounds of w(G) of graph G were considered for
arbitrary real number  involving the degrees of the vertices and the order of G, respectively.
In [4,3], Caporossi and Hansen proved the following result.
Theorem 2 (Caporossi and Hansen [4,3]). For any chemical graph G (having maximum
degree 4) with size m and k pendant vertices,
w−1/2(G)
m + k
4
.
In [16,23], trees with small and large Randic´ index are considered. Here, we consider a
tree T that has n vertices and k pendant vertices, and give bounds of w1(T ) and w(T ) for
−1< 0, respectively.
Note that if k = 2, then T is a path, and hence
w(T ) = (n − 3)4 + 2+1 (n3,−11,  = 0).
On the other hand, if k = n − 1, then T is a star, and hence
w(T ) = (n − 1)+1 (−11,  = 0).
Therefore in the following results, we always assume that 3kn − 2, and then n5.
LetTn,k = {T : T is a tree with n vertices and k pendant vertices, 3kn − 2}. For
T ∈ Tn,k , denote V0(T ) = {v : v is a pendant vertex of T } and V1(T ) =⋃v∈V0(T ) N(v),
V2(T ) = V (T )\(V0(T ) ∪ V1(T )). Set P(T ) = {P :P is a pendant chain of length at least
2 in T }.
Let K1,k(p1, p2, . . . , pk) be a tree with n vertices created from a star K1,k by attach-
ing paths of lengths p1, p2, . . . , pk to k pendant vertices of K1,k , respectively, where
n = k + 1 + ∑ki=1pi , pi0, i = 1, 2, . . . , k. Denote Snk = K1,k(0, . . . , 0, n − k − 1),
Knk =K1,k(0, . . . , 0,
n−k−1︷ ︸︸ ︷
1, . . . , 1) andTnk = {K1,k(p1, p2, . . . , pk) : pi1, 1 ik}. Then
Knk , S
n
k ∈Tn,k andTnk ⊆Tn,k (see Fig. 1).
LetT∗k = {T ∈T2k−2,k : T has k − 2 vertices of degree 3, where k4}. For any T ∈
T∗k , let E∗(T ) = {uv ∈ E(T ) : d(u) = d(v) = 3}. Denote byT∗n,k the set of T ∗n,k , where
T ∗n,k is a tree of order n created from T ∈ T∗k by replacing each edge of E∗(T ) by a path
of length at least 2. ThenT∗n,k ⊆Tn,k . In Fig. 2, we have drawn T1, T2, T3, T4 ∈T∗20,8.
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Fig. 1.
Fig. 2.
Theorem 3. Let T ∈Tn,k . Then
w1(T )
{
4n + 2k2 − 6k − 4 if n2k + 1,
(k + 2)n − (3k + 2) if n2k. (3,4)
Equalities hold in (3) and (4) if and only if T ∈Tnk and TKnk , respectively.
Theorem 4. Let T ∈Tn,k . Then
w1(T )
{
4n − 6 if k = 3 and n5,
4n + 3k − 16 if 4kn − 2. (5,6)
Equality holds in (5) if and only if TSn3 and equality holds in (6) if and only if n3k − 5
and T ∈T∗n,k .
Theorem 5. Let T ∈Tn,k and −1< 0. Then
w(T )4(n − k) + k(k + 2 − 1) + 2(1 − 2+1). (7)
Furthermore, equality in (7) holds for every particular value of ,−1< 0 if and only if
TSnk .
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Theorem 6. Let T ∈Tn,k and −1< 0. Then
w(T )4(n − 1) + 2(1 + 3 − 2+1)k. (8)
The proof of the following lemma that will be used in the proof of our theorems is very
trivial, so we will omit it here.
Lemma 1. Let T ∈Tn,k . Then (i) (T )k;
(ii) If there exists u ∈ T with d(u) = k > 2, then T is a generalized star.
2. Proof of Theorem 3
We ﬁrst give some lemmas that will be used in the proof of Theorem 3. In there lemmas,
we always assume that T ∈Tn,k .
Lemma 2. Let P = v0v1 · · · vs be a pendant chain of T with v0 ∈ V0(T ) and d(vs)= t3.
Let |N(vs) ∩ V0(T )| = r , N(vs)\(V0(T ) ∪ {vs−1}) = {x1, . . . , xt−r−1} with t − r2 and
all d(xi) = di2. Then
(i) ∑t−r−1i=1 dik + t − 2r − 2,
(ii) r max{0, 2t − n}.
Proof. (i) Since T is a tree, T − {v0, v1, . . . , vs} has t − r − 1 non-trivial sub-trees
Tx1 , Tx2 , . . . , Txt−r−1 , which contain x1, x2, . . . , xt−r−1, respectively, and each sub-tree
Txi has at least di − 1 pendant vertices of T. Thus
∑t−r−1
i=1 (di − 1)k − 1 − r, i.e.,∑t−r−1
i=1 dik + t − 2r − 2.
(ii) Suppose that n< 2t . Note that ∑t−r−1i=1 (di − 1)n − (t + 1). On the other hand,∑t−r−1
i=1 (di − 1) t − r − 1 by di2. Hence t − r − 1n − t − 1, i.e., r2t − n. 
Lemma 3. Let T be chosen such that w1(T ) is as large as possible. If n2k + 1, then
P(T ) = ∅.
Proof. Assume thatP(T )=∅. Then d(u)3 for all u ∈ V1(T ).We will show that d(z)3
for all z ∈ V2(T ). Otherwise, there is a path P = z0z1 · · · zqzq+1 in T such that for some l,
1< l <q, zl ∈ V2 and d(zl) = 2, where z0, zq+1 ∈ V0(T ). Let d(zi) = di, 0 iq + 1.
Then d1, dq3 and di2 for 2 iq−1. Let T0=T −zl−1zl −zlzl+1−z0z1+zl−1zl+1+
z0zl + z1zl . Then T0 ∈Tn,k . But
w1(T0) − w1(T ) = 2d1 + 2 − d1 + dl−1dl+1 − 2dl−1 − 2dl+1
= d1 − 2 + (dl−1 − 2)(dl+1 − 2)
d1 − 2> 0,
a contradiction. Hence d(v)3 for all v ∈ V (T )\V0(T ). Thus 2(n−1)=∑v∈V d(v)k+
3(n − k), i.e., n2k − 2, a contradiction. 
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Fig. 3.
Lemma 4. If n2k, then there exists u ∈ V1(T ) such that d(u)3.
Proof. Assume that d(u) = 2 for all u ∈ V1(T ). Then |V1(T )| = k. Since TK1,n−1,
|V (T )\(V0(T ) ∪ V1(T ))|1. Hence n = |V0(T )| + |V1(T )| + |V (T )\(V0(T ) ∪ V1(T ))|
2k + 1, a contradiction. 
Let n, k be positive integers with 3kn − 2. Denote 1(n, k) = 4n + 2k2 − 6k − 4
and 2(n, k) = (k + 2)n − (3k + 2).
Proof of Theorem 3. First we note that if T ∈ Tnk (TKnk , resp.), then the equality in
(3) ((4), resp.) holds by an elementary calculation.
Now applying induction on k, we prove that if T ∈ Tn,k, k3, then (3) ((4), resp.)
holds; and the equality in (3) ((4), resp.) holds only if T ∈Tnk (TKnk , resp.).
Suppose that k=3, thenT is a generalized star andn5. It is easy to check thatT5,3={T1}
andT6,3 ={T2, T3} (see Fig. 3). Note that w1(T1)=14=2(5, 3), w1(T2)=18<2(6, 3),
w1(T3)= 19=2(6, 3) and T1K53 , T3K63 , and hence Theorem 3 holds for n= 5, 6. So
we assume that n7(=2k + 1). By an elementary calculation, we have
w1(T ) =
{4n − 4 = 1(n, 3) if T ∈Tn3,
4n − 6<1(n, 3) if TSn3 ,
4n − 5<1(n, 3) if T ∈Tn,3\({Sn3 } ∪ Tn3).
Therefore we assume that k4 and the result holds for smaller values of k.
Let T ∈Tn,k . If TSnk , then w1(T ) = 4n + k2 − 3k − 6. Thus
w1(T ) =
{
1(n, k) − (k − 1)(k − 2)<1(n, k),
2(n, k) − (k − 2)(n − k − 2)2(n, k). (9)
Note that the equality holds in (9) only if n = k + 2. On the other hand, if n = k + 2, then
SnkK
n
k as T ∈Tn,k . So in the following proof, we assume that TSnk and 4kn − 3.
Let P = v0v1 · · · vs be a pendant chain of T with v0 ∈ V0(T ) and d(vs) = t3. Let
|N(vs)∩V0(T )|= r and N(vs)\(V0(T )∪{vs−1})={x1, . . . , xt−r−1}. Then r0, t − r2
as TSnk and all d(xi) = di2. By Lemma 2,
∑t−r−1
i=1 dik + t − 2r − 2.
We consider the following two cases.
Case 1. n2k + 1.
In this case, we choose T such that w1(T ) is as large as possible. Then by Lemma
3, P(T ) = ∅. Choose P such that P ∈ P(T ). Set T ′ = T − {v0, v1, . . . , vs−1}. Then
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T ′ ∈Tn−s,k−1. If n − s2(k − 1) + 1, then
w1(T ) = w1(T ′) + 2 + 4(s − 2) + 2t + r +
t−r−1∑
i=1
di
1(n − s, k − 1) + 2 + 4(s − 2) + 2t + r + k + t − 2r − 2
=1(n, k) − 3k + 3t − r
1(n, k).
The last inequality follows by r0 and Lemma 1.
In order for equality to hold, all inequalities in the above argument should be equalities.
Thus, we have
w1(T
′) = 1(n − s, k − 1), r = 0 and k = t .
By the induction hypothesis, T ′ ∈Tn−sk−1. Note that T ′ has a unique vertex of degree greater
than 2, and hence T ∈Tnk .
If n − s2(k − 1), then we have
w1(T ) = w1(T ′) + 2 + 4(s − 2) + 2t + r +
t−r−1∑
i=1
di
2(n − s, k − 1) + 2 + 4(s − 2) + 2t + r + k + t − 2r − 2
=1(n, k) + (k − 3)(n − s) − 2k2 + 4k + 3t − r − 3
1(n, k) + 2(k − 3)(k − 1) − 2k2 + 4k + 3t − r − 3=1(n, k) − (k − 3) + 3(t − k) − r
<1(n, k).
The last inequality follows by k4, r0 and Lemma 1.
Case 2. n2k.
By Lemma 4, we can choose P such that s = 1. Set T ′ = T − v0. Then T ′ ∈Tn−1,k−1.
Thus
w1(T ) = w1(T ′) + t + r +
t−r−1∑
i=1
diw1(T ′) + k + 2t − r − 2.
If n = 2k, then n − 1 = 2(k − 1) + 1. So
w1(T )1(2k − 1, k − 1) + k + 2t − r − 2
=2(2k, k) − 2k + 2t − r2(2k, k)
and the equality holds only if w1(T ′)=1(2k−1, k−1), r=0 and k= t . Since T ′K2k−1k−1
and K2k−1k−1 having a unique vertex of degree greater than 2, we have TK
2k
k .
If n< 2k, then n − 12(k − 1). Thus
w1(T )2(n − 1, k − 1) + k + 2t − r − 2
=2(n, k) − n + 2t − r
2(n, k).
The last inequality follows by Lemma 2(ii).
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Equality w1(T ) = 2(n, k) implies that the equalities hold in the above inequalities. In
particular, w1(T ′) = 2(n − 1, k − 1). By the induction hypothesis, T ′Kn−1k−1 . Note that
Kn−1k−1 has a unique vertex of degree greater than 2 and d(vs)3, hence TKnk .
Hence the proof of Theorem 3 is completed. 
3. Proof of Theorem 4
The proof of Theorem 4 is based on the following three lemmas.
Lemma 5. If T ∈Tn,k and w1(T ) is as small as possible, then |P(T )|1.
Proof. Assume thatP =v0v1 · · · vs andP ′=v′0v′1 · · · v′l (s, l2) are two pendant chains of
T with v0, v′0 ∈ V0(T ) and d(vs), d(v′l )3. Let T0=T −vs−1vs−2+v0v′0. Then T0 ∈Tn,k .
But
w1(T0) − w1(T ) = 2 − d(vs)< 0,
a contradiction. 
DenoteTk = {T : T ∈Tn,k and T is a generalized star}.
Lemma 6. For any T ∈Tk ,
w1(T )4n + k2 − 3k − 6.
Equality holds if and only if TSnk .
Proof. We choose T0 ∈ Tk such that w1(T0) is as small as possible. Since T0K1,k , we
haveP(T0) = ∅. By Lemma 5, |P(T0)| = 1. Therefore T0Snk by T0 is a generalized star,
and then, for any T ∈Tk , w1(T )w1(T0) = 4n + k2 − 3k − 6 and equality holds if and
only if TSnk . 
Lemma 7. If T ∈Tn,k\Tk and w1(T ) is as small as possible, then P(T ) = ∅.
Proof. Assume thatP(T ) = ∅. ByLemma5,wehave |P(T )|=1.LetP=v0v1 · · · vs (s2)
be a pendant chain of T with v0 ∈ V0(T ) and d(vs)= r3. Since T /∈Tk , there is a vertex
v ∈ V (T )\{vs} satisfying d(v)3 and there is a unique path between vs and v. Let u be the
vertex of the path that is adjacent to vs and d(u)=t2. Set T ′=T −vsu−v0v1+v0vs+v1u.
Then T ′ ∈Tn,k\Tk . But
w1(T
′) − w1(T ) = 2t + r − rt − 2 = (r − 2)(1 − t) < 0,
contradicting the choice of T . 
Let n, k be positive integers with 4kn − 2, we denote (n, k) = 4n + 3k − 16.
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Proof of Theorem 4. Let T ∈Tn,k . If T ∈Tk , thenw1(T )4n+k2−3k−6 by Lemma
6. Thus
w1(T )
{
4n − 6 if k = 3,
(n, k) + (k − 3)2 + 1>(n, k) if 4kn − 2 (10)
and the equality holds in (10) if and only if TSn3 . Therefore Theorem 4 holds. So in the
following proof, we assume that T ∈Tn,k\Tk and 4kn − 2.
Note that if T ∈ T∗n,k , then n3k − 5 and the equality in (6) holds by an elementary
calculation. Now applying induction on k, we prove if T ∈ Tn,k\Tk , then (6) holds and
the equality in (6) holds only if T ∈T∗n,k .
We choose T such that w1(T ) is as small as possible.
If k = 4, then T ∈T∗4 when n = 6 or T ∈T∗n,4 when n7 by Lemma 7. Hence
w1(T ) =
{
21>(6, 4) if n = 6,
4n − 4 = (n, k) if n7
and the equality in (6) holds for k = 4 only if n7 and T ∈ T∗n,4. Therefore we assume
that k5 and the result holds for smaller values of k.
Let u ∈ V1(T ). Denote d(u)=t , N(u) ∩ V0(T )={v1, . . . , vr}, N(u)\V0(T )={x1, . . . ,
xt−r}. Then t − r1 (as TK1,n−1) and all dj (xj ) = dj 2. By Lemma 7, d(u) = t3.
We consider the following two cases.
Case 1. d(u) = t4.
In this case, we set T ′ = T − v1. Then T ′ ∈Tn−1,k−1. Thus
w1(T ) = w1(T ′) + t + r − 1 +
t−r∑
i=1
di
(n − 1, k − 1) + t + r − 1 + 2(t − r)
=(n, k) + 2t + (t − r) − 8
>(n, k).
Case 2. d(u) = 3.
If r = 1, then N(u)\{v1} = {x1, x2}. Set T ′ = T − v1. Then T ′ ∈Tn−1,k−1. Thus
w1(T ) = w1(T ′) + 3 + d1 + d2
(n − 1, k − 1) + 7
=(n, k)
and the equality holds only if d1 = d2 = 2 and w1(T ′) =(n − 1, k − 1). By the induction
hypothesis, T ′ ∈T∗n−1,k−1. Since d1 = d2 = 2, there is an internal path of length at least 4
connecting x1 and x2 in T ′ and |V (T ′)|3(k − 1)+ 2 − 5. Thus n= |V (T ′)| + 13k − 5
and T ∈T∗n,k .
If r = 2, then N(u)\{v1, v2} = {x1}. Let P = u0u1 · · · ul(u= u0, x1 = u1) be an internal
chain of T with d(u) = 3 and d(ul) = s3, where l1. Let
T ′ =
{
T − {v1, v2} if l = 1,
T − {v1, v2, u0, u1, . . . , ul−2} if l2.
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Then T ′ ∈Tn−l−1,k−1. If l = 1, then
w1(T ) = w1(T ′) + 6 + 2d1
(n − 2, k − 1) + 2d1 + 6
=(n, k) + 2d1 − 5
>(n, k).
If l2, then
w1(T ) = w1(T ′) + 4l + 4 + s
(n − l − 1, k − 1) + 4l + 4 + s
=(n, k) + s − 3
(n, k).
In order for the equality to hold, all inequalities in the above argument should be equalities.
Thus we have
w1(T
′) = (n − l − 1, k − 1), l2 and s = 3.
By the induction hypothesis, T ′ ∈ T∗n−l−1,k−1 and |V (T ′)|3(k − 1) − 5. Thus n =|V (T ′)| + (l + 1)3k − 5 and T ∈T∗n,k
Hence the proof of Theorem 4 is completed. 
4. Proofs of Theorems 5 and 6
We ﬁrst show the following lemmas.
Lemma 8. Let f (x) := x(x + 2 − 1),−1< 0. Then the function f (x) − f (x + 1)
is monotonously increasing in x2.
Proof. We have
d2f (x)
dx2
= (+ 1)x−1 + (− 1)(2 − 1)x−2
= x−2((− 1)(2 − 1) + (+ 1)x).
Since −1< 0 and x2, we have ( − 1)(2 − 1) + x( + 1)> 0 and x−2 > 0. Thus
d2f (x)/dx2 < 0, and hence the function f (x) − f (x + 1) is monotonously increasing in
x. 
Let n, k be positive integers with 3kn − 2 and −1< 0. Denote (n, k) = 4
(n − k) + k(k + 2 − 1) + 2(1 − 2+1) and (n, k) = 4(n − 1) + 2(1 + 3 − 2+1)k.
Lemma 9. Let T ∈Tn,3 and −1< 0. Then
(n, 3)w(T )(n, 3). (11)
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Furthermore, the left-hand equality holds if and only if TSn3 , and the right-hand equality
holds if and only if T ∈Tn3.
Proof. Since n5 and T ∈ Tn,3, P(T ) = ∅. Let P = v0v1 · · · vs (s2) be a pendant
chain in T with v0 ∈ T and d(vs)3. By Lemma 1(i), d(vs) = 3. Let x1vs, x2vs ∈ E(G)
and d(xi)=di, i=1, 2. Then 1di2 for i=1, 2 by Lemma 1(ii). Note that if d1=d2=2,
then n7. Let T ′ = T − {v0, v1, . . . , vs−1}. Then T ′ is a path of order n − s by Lemma
1(ii). Thus w(T ′) = (n − s − 3)4 + 2+1. Since
w(T ) = w(T ′) + 2 + 6 + (s − 2)4 + (3 − 2)(d1 + d2 )
= (n − 5)4 + 2+1 + 2 + 6 + (3 − 2)(d1 + d2 ),
we have
(n, 3) = (n − 5)4 + 2+1 + 2 + 6 + 2(3 − 2)w(T ) (12)
and
w(T )(n − 5)4 + 2+1 + 2 + 6 + 2+1(3 − 2) = (n, 3), (13)
i.e., (n, 3)w(T )(n, 3).
In order for the equality to hold in (12), we must have d1 = d2 = 1, thus TSn3 . In order
for the equality to hold in (13), we have d1 = d2 = 2, thus n7 and T ∈Tn3. 
Proof of Theorem 5. First we note that if TSnk , then the equality in (7) holds by an
elementary calculation.
By induction on k. If k = 3, then Theorem 5 holds by Lemma 9. Next, we assume that
k4 and the result holds for smaller values of k.
Let T ∈Tn,k . We choose T such that w(T ) is as small as possible.
Claim A. |P(T )|1.
Proof. Assume thatP =v0v1 · · · vs andP ′=v′0v′1 · · · v′l (s, l2) are two pendant chains of
T with v0, v′0 ∈ V0(T ) and d(vs), d(v′l )3. Let T0=T −vs−1vs−2+v0v′0. Then T0 ∈Tn,k .
But
w(T0) − w(T ) = ((d(vs) − 2)(1 − 2))< 0,
contradicting the choice of T . 
By Claim A and k4, there exists u ∈ V1(T ) such that d(u) = t3. Then k t by
Lemma 1(ii). Let N(u) ∩ V0(T ) = {v1, . . . , vr} (r1) and N(u)\V0(T ) = {x1, . . . , xt−r}.
Then t − r1 (as TK1,n−1) and all d(xj )2. Let d(xj ) = dj for 1j t − r . Set
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T ′ = T − v1. Since k4, we have T ′ ∈Tn−1,k−1. Thus
w(T ) = w(T ′) + rt − (r − 1)(t − 1) +
t−r∑
i=1
di (t
 − (t − 1))
w(T ′) + rt − (r − 1)(t − 1) + (t − r)(2)(t − (t − 1))
(n − 1, k − 1) + t+1 − (t − 1)+1 + (t − r)(2 − 1)(t − (t − 1))
=(n, k) + (k − 1)(k + 2 − 2) − k(k + 2 − 1)
+ t+1 − (t − 1)+1 + (t − r)(2 − 1)(t − (t − 1)).
Let f (x) := x(x + 2 − 1). Then
w(T )(n, k) + (f (k − 1) − f (k)) − (f (t − 1) − f (t))
+ (t − r − 1)(1 − 2)((t − 1) − t)
(n, k) + (f (k − 1) − f (k)) − (f (t − 1) − f (t))
(n, k).
The last inequality follows by Lemma 8, as k t and the last second inequality follows as
t − r1 and −1< 0.
In order for the equality to hold, all inequalities in the above argument should be equalities.
Thus we have
w(T
′) = (n − 1, k − 1), k = t, t − r = 1 and d1 = 2.
By the induction hypothesis, T ′Sn−1k−1 . Note that S
n−1
k−1 has a unique vertex of degree greater
than 2, and hence TSnk .
Hence the proof of Theorem 5 is completed. 
Proof of Theorem 6. Let T ∈Tn,k . Now applying induction on k.
By Lemma 9, the assertion holds for k=3, so let us assume that k4 and the result holds
for smaller values of k.
Let P = v0v1 · · · vs be a pendant chain of T with v0 ∈ V0(T ) and d(vs) = r3. Let
x1, . . . , xr−1 ∈ N(vs)\{vs−1} and d(xi)=di . Set T ′ =T −{v0, v1, . . . , vs−1}. If k=n− s,
then T ′K1,n−s−1, and then TSnk , hence the assertion holds. Therefore we assume that
4kn−s−1.ThenT ′ ∈Tn−s,k−1.By the inductionhypothesis,w(T ′)(n−s, k−1).
If s = 1, then
w(T ) = w(T ′) + r +
r−1∑
i=1
di (r
 − (r − 1))
< w(T
′) + r
(n − 1, k − 1) + 3
=(n, k) + (3 − 2)(1 − 2)
<(n, k).
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If s2, then we have
w(T ) = w(T ′) + 2 + (2r) + (s − 2)4 +
r−1∑
i=1
di (r
 − (r − 1))
< w(T
′) + 2 + (2r) + (s − 2)4
(n − s, k − 1) + 2 + (2r) + (s − 2)4
=(n, k) + (2r) − 6
(n, k).
Hence the proof of Theorem 6 is completed. 
5. Note
It may be interesting to give sharp bounds of w(T ) for 0< < 1 and reﬁne the upper
bound of w(T ) in Theorem 6 for −1< 0 so that it is sharp when T ∈Tn,k and k4.
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